In the present work, a modified higher-order shear deformation theory is developed to analyze isotropic and composite plates to obtain the static response as well as dynamic characteristics using Ritz solution technique. The displacement-field equations of Lo's higher order shear deformation theory are modified by representing the total rotation of the normal to the mid-plane by two components, bending and shear rotations. The model is valid for thin and thick plates. The plates are subjected to mechanical loads with different types of boundary conditions. A Mathematica code is developed to analyze different plate problems. The obtained results are compared to the available studies solved by different theories and finite element methods. It is shown that the obtained results are accurate using less number of degrees of freedom.
Introduction
A considerable amount of work are published concerning the analysis of isotropic and composite plates using different theories based on the classical plate theory (CPT), first order shear deformation theory (FSDT), and higher order deformation theories(HSDT). Reissner [1] , provided a consistent theory which incorporates the effect of shear deformation, called first order shear deformation theory (FSDT). Displacement field equations of (FSDT) allow a uniform shear stress through the thickness, which violates surface conditions. Mindlin [2] , introduced a shear correction factor into the shear stress resultants, where the shear stress vanishes at the stress-free surfaces. The correction factor was evaluated by comparison with an exact three-dimensional elasticity solution, [3] . Giles, [4] , presented the kinematic plate assumptions of the modified first-order shear deformation theory (MFSDT), [5] to improve his prediction. Hildebrand et. al [6] , briefly examined a second order theory. They concluded that the inclusion of the quadratic terms in the in-plane displacements does not provide a significant advantage over the lower level theory, for problems of interest. Reddy, [7] , simplified the cubic displacement field equations for conventional composite laminates using stress-free boundary conditions, with no need for the shear correction factor, while Lo's Higher order theory of plate deformation, [8, 9] , avoided this restriction. Displacement field equations include the effect of transverse normal strain, which makes it suitable for thick plates. The advantages of the Lo's Higher order theory of plate deformation are; (i) It is suitable for both thick and thin composite structures. (ii) There is no need for a shear correction factor. (iii) Transverse shear effects can be modeled as a parabolic transverse 2 shear strain across the thickness of the structure. (iv) Transverse normal strain is also included in the model. (v) Little restriction exists on the type of problem because the displacement field is independent of boundary conditions and material properties, [10, 11] . Pagano et al. [12] , introduced an exact solution for square bidirectional laminates under sinusoidal loading using the theory of elasticity. He concluded that a conservative estimate of the magnitude of the error reflected in the simplifying assumption of CPT for multilayered systems can be achieved by comparison of exact and approximate solutions for laminates consisting of only several layers. Noor [13] used the three-dimensional theory of elasticity to discuss the validity of twodimensional plate theories when applied to the low frequency free vibration analysis of simply supported, bidirectional, multilayered plates. He concluded that for composite plates the error in the predictions of the CPT is strongly dependent on the number and stacking of the layers, in addition to the degree of orthotropy of the individual layers and the thickness ratio of the plate. Kwon et al. [14] , introduced high-order displacement field equations for the analysis of layered composite plates. A parabolic distribution of the transverse shear strain was considered in the equations, and a mixed finite element model was developed from the proposed equations. They found that their model gives reasonable results for thin and thick plates compared with three-dimensional elasticity solution of Pagano et al. [12] . Yuan et al. [15] , introduced a straightforward displacement type rectangular finite element for bending of a flat plate with the inclusion of transverse shear effects. The results showed that their element was more flexible than most other moderately thick plate finite elements and agree closely with those from a numerical solution of the three dimensional elasticity equations. Zeng et al. [16] , used a new higher order theory to model laminated plates and shells. They studied symmetric, anti-symmetric and cross-ply laminated plates, and cylindrical and spherical shells. They used higher order displacement field of order 4 in the transverse coordinate (z) to present the in-plane displacements (u, v) . Their model improved the in-plane stress distribution without complicating the problem. Ghosh, et al. [17, 18] developed a four-noded rectangular element with seven degrees of freedom at each node for the analysis of laminated plates. Their element confirmed its applicability for a wide variety of laminated composite plates. They recommended that for higher aspect ratios one may use their element but for lower aspect ratios, Phan and Reddy's element [19] has better accuracy. For vibration analysis of laminated composite plate structures having a constant thickness of any individual layer, they concluded that for simply supported laminated plates, increasing lamination angle θ (up to 45°) increases the fundamental frequency, except for the case of two-layer plate. Increasing the number of layers without changing the total thickness increases the fundamental frequency. The effect of plate aspect ratio on the fundamental frequency is more pronounced in thicker plates than the case of thin plates. Roy, et al. [20] , investigated the effects of variations in the thickness profile on the displacements and dynamic bending stresses of a square cantilever plate excited by a point harmonic load. A four-noded plate element was used for the analysis. The response was determined for the first three modes of vibration. In each case the results obtained for different thickness profiles were compared with those of the uniform thickness plate. It was observed that considerable reductions in displacement amplitudes and bending stresses can be achieved by the proper selection of thickness profile. Xiaoping Shu et al. [21] , developed an improved simple higher-order shear deformation theory for laminated composite plates. The theory contains the same number of dependent variables as in the FSDT, and accounts for parabolic distribution of transverse shear strain through the thickness of the plate and transverse shear stress continuity across each layer Paper: ASAT-15-153-ST 3 interface. Although their theory contains five dependent variables, it gives more accurate results than some higher-order theories. Kabir [22] , presented an analytical solution to a moderately thick simply supported rectangular plate with symmetric angle-ply lamination. The Resissner-Mindlin theory that incorporates transverse shear deformation into plate formulation characterizing the moderately thick behavior was considered. The plate deformation behavior in bending was defined by three highly coupled second-order partial differential equations in three unknowns. Theses equations, in conjunction with the admissible boundary conditions, were solved using a displacement-based double Fourier series approach. The solution agreed with the published finite element results for both moderately thick and thin plates. Akhras et al. [23] , developed a finite strip method for the analysis of anisotropic laminated composite plates based on a HSDT. The used method improved the results compared with FSDT while using approximately the same number of degrees of freedom. It also eliminates the need for shear correction factors in calculating the transverse shear stiffness. Qatu et al. [24] , introduced a consistent set of equations for modeling laminated plates and shallow shells. Exact solutions which satisfy the equations of equilibrium and boundary conditions were obtained for shear diaphragm boundaries and cross-ply laminates. The Ritz method is used to obtain the deflections and stresses for generally laminated plates and shallow shells with cantilevered and doubly-cantilevered boundaries. Isotropic and laminated composites are considered for both plates and cylindrical shell panels. They concluded that it was necessary to provide more than 140 degrees of freedom in terms of displacement polynomials using Ritz method in order to obtain reasonably accurate results, especially for the stress and moment resultants. Verijenko et al [25] , introduced a finite element formulation for the analysis of laminated composite plates based on a higher order theory. Different types of finite elements which take into account transverse shear and normal deformation are developed. The proposed finite element is highly efficient and accurate, and can be used easily be incorporating them into existing finite element codes. Kong et al. [26] proposed a displacement based three dimensional finite element scheme for the analysis of thick laminated plates. The thick laminated plate was treated as a threedimensional inhomogeneous anisotropic elastic body. Layerwise, local shape functions were used in the regions where transverse shear stress was of interest, while an ad hoc global-local interpolation was used in the region where only the general deformation pattern is concerned. For satisfying the displacement compatibility between these two regions, a transition zone was introduced. The model incorporates the advantages of the layerwise theory and the single-layer theory. Li et al. [27] , used Reddy's theory, with the effect of higher order shear deformations, to derive the governing equations of bending of orthotropic plates with finite deformations. Numerical results showed that the influence of the shear deformation on the static bending of orthotropic moderately thick plate is significant. Manna [28] , used a high order triangular element to investigate free vibration of isotropic rectangular plates with different thickness ratios, boundary conditions, and aspect ratios. The FSDT is used to include the effect of transverse shear deformation. The element has 51 degrees of freedom. Rotary inertia has been included in the consistent mass matrix. His results showed the accuracy and convergence characteristics of the element. The present work presents a Modified Higher Order Shear Deformation Theory, in which the displacement-field equations of Lo's higher order shear deformation theory are modified by representing the total rotation of the normal to the mid-plane by two components, bending and shear rotations to refine the obtained results. It converges to the exact solution using Ritz approximation technique with less number of degrees of freedom, and less computational time. The model is suitable for thin and thick laminated composite plates. h is the total laminate thickness. 1 2 3 4 5 6 , , , , , C C C C C C and 7 C are constants associated with the used deformation theory. Table 1 gives the values of the constants for various theories illustrated in Fig. 1 . 
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Strain-Displacement Relationships
The strain-displacement relationships can be expressed in a matrix form as follows: 
Stress-Strain Relationships
The generalized stress-strain relations can be written in contracted notation as follows, [7, 30] 
The elements of the transformed symmetric stiffness matrix Q   , is listed in Appendix (A), [7, 30] .
Energy Formulation
The Hamilton's principle is used to obtain the governing equations of motion, [7] :
The virtual strain energy, U  , is given by, [7] : 
The virtual strain energy U  can be rewritten as follows
where A, B, D are the extensional, coupling, and bending stiffness matrices. The matrices E, F, H, J are the higher order stiffness matrices, and given as:
The virtual work V  done by the applied forces can be written as, [5] 
where   , z p x y is the transverse distributed load, and F zi is the concentrated force in the zdirection at point (i).
The virtual kinetic energy, K  , can be written as, [7] 
where i  is the density of layer number ( i ).
Substituting the displacement field Eq. (2), we can write
where
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Substituting Eq. (12), Eq. (14), and Eq. (20) into Eq. (8), the equations of motion can be obtained.
Ritz Solution Technique
In the Ritz method the unknown displacements 0 0 0 ,, u v w , ,, 
Equations of Motion
The equations of motion will be derived using the Ritz approximation technique for the eleven deformation fields. Substituting Eq. 
x y q x y q
where   q is the generalized column vector of Ritz coefficients; 
where   K is the stiffness matrix of the laminate. 
Finally, the equations of motion of the plate are represented by 
Boundary Conditions
In Ritz solution technique, the boundary conditions are satisfied by appropriate choice of the Ritz functions. Two special cases of plate boundary conditions, simply supported and cantilever plates, will be discussed here. For simply supported plate, the boundary conditions along (x=0,a) edges are 
After making a convergence test to Case (I) given below, by increasing the number of terms of 0 w , 6 terms were found to be accurate enough. The total number of degrees of freedom will be eighteen. An appropriate choice of simple polynomials for Ritz function series can reflect the above geometric boundary conditions. After making a convergence test in Case (II), by increasing the number of terms of 0 w , a nine-term simple polynomial was found to be accurate enough to represent the transverse displacement 0 w . This polynomial is formed by multiplying three terms in x by three terms in y to give nine terms of 0 w and the total DOF of the plate will be 49, as follows   
The other displacement functions are chosen such that they satisfy the same boundary conditions. The used column vectors of the Ritz approximation functions for a cantilever plate
a x y are given in Appendix (C).
Numerical Results and Discussion
To validate the proposed model, the static deflection and fundamental natural frequency results are presented and compared with other published models for both isotropic and laminated composite plates with simply supported and cantilevered boundary conditions. A laminated composite simply supported plate subjected to static double sinusoidal load is discussed first. Then, an isotropic cantilever plate subjected to a uniform distributed load is presented. The static response and fundamental frequencies are calculated for laminated composite cantilever plates.
Case (I): Simply supported laminated composite plate (static response)
A three-layer (0°/90°/0°), simply supported square plate of three different side-to-thickness ratios   / 10, 20, 100 Lt   is analyzed. The material properties of the used composite lamina are given below in Table 1 . 
The convergence of the obtained results to the exact values for deflection (w ) and stress ( Table 1 . The same procedure of Ritz solution technique was followed using different displacement field theories, Eq.(1).The convergences of all theories are shown in Fig. 3 and Fig. 4 In conclusion, the MHSDT is the most convenient theory to provide the best solutions with minimum computational time. The degree of orthotropy is varied between 3 and 40; the number of layers used are 2, 3, 4, 5, 6 ,9, and 10. The material properties of the individual layers are given in Table 3 . Results are presented in Table 4 . (a) for symmetric case, and (b) for the antisymmetric case.
 is the non-dimensional natural frequency,
. Δ% is the percentage error relative to the exact solution derived by Noor [13] . Ghosh [18] , used a simple finite element based on higher order theory to calculate the fundamental frequencies of laminated composite plate. A refined analysis of laminated plates by finite element displacement methods was made by Owen [35] . In the present model, the shape functions used are the same as in the previous case. It is clear from Table 4 that the obtained results are very comparable with other available results.
Case (III): Cantilever isotropic plate (static response)
An isotropic square plate (a=b=L) with side-to-thickness ratio / 100 Lh   is analyzed. A Poisson's ratio () of 0.3 is adopted for the plate material. A transverse uniform load (q 0 ) is applied. In order to find suitable shape functions for the cantilever plate, the unknown displacements 00 , uv, ,, [24] , listed in Table 5 . with code FEM5. The comparison shows good agreement with the exact solutions. 
Case (IV): Laminated Composite Cantilever plate (static response)
A laminated composite square plate (a=b=L) with side-to-thickness ratio / 100 Lh   is analyzed. The material properties of the individual layers are given in Table 6 . The plate has symmetric lamination sequence, [0/90/0]. A transverse uniform load (q 0 ) is applied. The same procedure of the previous problem is followed to get the convergence of the normalized maximum deflection w , and stress resultants, Table 7 . shows good agreement between the results calculated from the present model and those calculated using Ritz method and finite element method published in [24] . 
Case (V): Composite Cantilever plate (Natural Frequency)
The fundamental frequencies are calculated for antisymmetric, cross-ply, rectangular laminated cantilever plates with varying aspect ratio (b/a), and side to thickness ratio (b/h), where b is the length of the fixed edge. Material properties of the individual layers are given in Table 8 . All the layers are assumed to have the same thickness. Using the approximate Ritz functions mentioned in Appendix (C), the fundamental frequencies are calculated and listed in Table 9 . The normalized natural frequency is given by Table 9 . Reddy [36] , used CPT, FSDT, and HSDT to obtain the fundamental natural frequencies using finite element analysis. The shear correction factors for FSDT were taken to be 5/6. In the finite element analysis, a mesh of 2x2 for quadratic elements was used for the FSDT, and 4x4 mesh of 4-node elements was used for HSDT and CPT, [36] . The differences %  are calculated relative to HSDT solution. The present model has good accuracy, especially for low aspect ratio (b/a) and high thickness ratio (b/h). 
Conclusion and Future Work
The static response and fundamental natural frequency of thick isotropic and composite plates with different boundary conditions were investigated. Lo's higher order plate theory is modified to get more accurate results. The obtained results proved that the Modified Higher Order Shear Deformation Theory has superiority over other theories. The obtained results showed a great match of the deflections, stresses, and natural frequencies for thin and thick plates. It is shown that using less number of degrees of freedom for Ritz solution, the obtained results are matched with the published data, which save computational time. It is also clear that the present theory is efficient for both thin and thick plates made of either isotropic or composite materials. The fact that all Ritz approximation functions are simple polynomials leads to some desirable properties of formulation and solving techniques. However, it also leads to ill conditioning of the stiffness and mass matrices when high order polynomials are used. Extensive trials using different polynomials Ritz approximation functions are executed to make the convergence of the results before the static solution or eigenvlaue solution becomes ill conditioned. In the future, geometric nonlinearity can be added to model large deformation problems and aeroelasticity modeling.
